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Abstract
We consider a multiplier transformation and some subclasses of the class of meromorphic functions which was defined by means
of the Hadamard product by N.E. Cho, O.S. Kwon and H.M. Srivastava in [N.E. Cho, O.S. Kwon, H.M. Srivastava, Inclusion
and argument properties for certain subclasses of meromorphic functions associated with a family of multiplier transformations,
J. Math. Anal. Appl. 300 (2004) 505–520].
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1. Introduction
Let Σ denote the class of functions of the following form
f (z) = 1
z
+
∞∑
n=0
anz
n, (1)
which are analytic in the punctured unit disc
D = {z ∈ C: 0 < |z| < 1}= Δ \ {0}.
For g1(z) = 1z +
∑∞
n=0 anzn and g2(z) = 1z +
∑∞
n=0 bnzn of the class Σ the Hadamard product (or convolution) is
defined by
g1(z)  g2(z) = (g1  g2)(z) = 1
z
+
∞∑
n=0
anbnz
n.
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qβ,λ(z) = 1
z
+
∞∑
k=0
(
λ
k + 1 + λ
)β
zk (β  0, λ > 0), (2)
pμ(z) = 1
z(1 − z)μ =
1
z
[ ∞∑
k=0
(μ)k
k! z
k
]
(μ > 0), (3)
where (x)n denotes the Pochhammer symbol defined by
(x)n = x(x + 1)(x + 2) · · · (x + n − 1) for n ∈ N = {1,2, . . .} and (x)0 = 1.
Now for β  0, λ > 0, μ > 0 we define a linear operator Iβλ,μ : Σ → Σ as follows
Iβλ,μf (z) = (f  pμ  qβ,λ)(z) =
1
z
+
∞∑
k=0
(μ)k+1
(k + 1)!
[
λ
k + 1 + λ
]β
akz
k, (4)
where f is given by (1).
The operator Iβλ,μ have been recently introduced by N.E. Cho, O.S. Kwon and H.M. Srivastava [1] for β ∈ N0 =
N ∪ {0}. The definition of the operator Iβλ,μ was motivated essentially by the Choi–Saigo–Srivastava operator [2] for
analytic functions, which includes a simpler integral operator studied earlier by Noor [3] and others (cf. [4–6]). For
details see [1].
Let N be the class of functions h analytic, convex and univalent in Δ for which h(0) = 1 and Re[h(z)] > 0 for
z ∈ Δ.
We say, that the function f is subordinated to the function g in Δ (and write f ≺ g or f (z) ≺ g(z)) if f and g are
analytic in Δ and if there exists a Schwarz function ω, analytic in Δ, with ω(0) = 0 and |ω(z)| < 1 for z ∈ Δ, such
that f (z) = g(ω(z)) for z ∈ Δ.
It is known that if the function g is univalent in Δ and f (0) = g(0), then
f ≺ g ⇐⇒ f (Δ) ⊂ g(Δ). (5)
In this case we have: ω(z) = g−1[f (z)].
Making use of the principle of subordination between analytic functions the authors of [1] introduced the class
Σ
β
λ,μ(l;h) ⊂ Σ in the following way. Let the functions g1, g2, . . . , gl be in the class Σ and let h ∈N , l ∈ N, β  0,
λ > 0, μ > 0. Then we say that the functions g1, g2, . . . , gl are in the class Σβλ,μ(l;h) if they satisfy the following
subordination condition
− z[I
β
λ,μgk(z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
≺ h(z) (z ∈ Δ; k = 1,2,3, . . . , l), (6)
where
z
l∑
j=1
Iβλ,μgj (z) = 0 (z ∈ Δ). (7)
In particular we set
Σ
β
λ,μ
[
l; 1 + Az
1 + Bz
]
= Σβλ,μ(l;A,B) (−1 < B < A 1). (8)
For appropriate choices of the parameters involved in (6) we can obtain many of classes of meromorphic functions
studied earlier (see, for details [1]). In [1] there are given some argument properties of meromorphic functions belong-
ing to above class which contains the basic inclusion relationship among the class Σβλ,μ(l;h) for β ∈ N0. The integral
preserving properties of the operator Iβλ,μ were also considered.
In the present paper we investigate various properties of this class. A few of the results are an extension of the
previous results of N.E. Cho, O.S. Kwon and H.M. Srivastava.
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First we find some members of the class Σβλ,μ(l;h). The above definition permit easy to approve that g1, g2, . . . , gl
are in Σβλ,μ(l;h) but it is more difficult to show that a function f does not belong to this class. In this case we have to
check (6) in negative for all f,f2, . . . , fl , where fi ∈ Σ , i = 2, . . . , l.
Theorem 1. Let g ∈ Σ, h ∈N , β  0, μ > 0, λ > 0, l ∈ N and
−z[I
β
λ,μg(z)]′
Iβλ,μg(z)
≺ h(z) (z ∈ Δ). (9)
Then g ∈ Σβλ,μ(l;h).
Proof. Let gj = g for j = 1,2, . . . , l. Then (6) and (9) are equivalent. 
Corollary 1. If ω is a Schwarz function, then
g(z) =
[
1
z
+
∞∑
k=0
(k + 1)!
(μ)k+1
(
k + 1 + λ
λ
)β
zk
]

1
z
exp
z∫
0
1 − h[(ω(t)]
t
dt (10)
belongs to the class Σβλ,μ(l;h).
Proof. From (10) and (4) we get
Iβλ,μg(z) =
1
z
exp
z∫
0
1 − h[(ω(t)]
t
dt (z ∈ D) (11)
for some Schwarz function ω. After somewhat computation we can see that the function (11) satisfies (9). 
Theorem 2. If g1, g2, . . . , gl belong to the class Σβλ,μ(l;h), then
G(z) = 1
l
l∑
j=1
gj (z) (z ∈D) (12)
belongs to the class Σβλ,μ(l;h).
Proof. We have
1
l
l∑
k=1
[
− z[I
β
λ,μgk(z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
]
= −z[
1
l
∑l
j=1 Iβλ,μgj (z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
= −z[I
β
λ,μG(z)]′
Iβλ,μG(z)
≺ h(z) (13)
because Iβλ,μ is linear, h is convex univalent and left side of (13) is convex combination of functions subordinated
to h. From Theorem 1 and (13) we obtain (12). 
Corollary 2. Let g1, g2, . . . , gl belong to the class Σβλ,μ(l;h), then
−z[Iβλ,μgk(z)]′ = h[ωk(z)]z exp
z∫
0
1 − 1
l
∑l
j=1 h[ωj (t)]
t
dt (z ∈D), (14)
where ωk is the Schwarz function for k = 1,2, . . . , l.
1264 K. Piejko, J. Sokół / J. Math. Anal. Appl. 337 (2008) 1261–1266Proof. Let g1, g2, . . . , gl belong to the class Σβλ,μ(l;h), then by (6) we obtain
− z[I
β
λ,μgk(z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
= h[ωk(z)] (z ∈ Δ, k = 1,2, . . . , l), (15)
where ωk is a Schwarz function. Therefore
−z[
1
l
∑l
j=1 Iβλ,μgj (z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
= 1
l
l∑
j=0
h
[
(ωj )(z)
]
(z ∈ Δ) (16)
or equivalently
1
l
l∑
j=0
Iβλ,μgj (z) =
1
z
exp
z∫
0
1 − 1
l
∑l
j=1 h[ωj (t)]
t
dt (z ∈D). (17)
Thus (15) and (17) give (14). 
Theorem 3. Let h ∈ N with Re[h(z)] < 2 for z ∈ Δ and let the functions g1, g2, . . . , gl be in the class Σβλ,μ(l;h).
Then the function s(z) = z2
l
∑l
j=1 Iβλ,μgj (z) is a starlike univalent function.
Proof. From (13) we have
Re
zs′(z)
s(z)
= 2 + Re z[
∑l
j=1 Iβλ,μgj (z)]′∑l
j=1 Iβλ,μgj (z)
> 0. 
If we take h(z) = 1−z1+z and ωk = zn, k = 1,2, . . . , l, then from (11) we obtain
Iβλ,μg(z) =
1
z
[
1 + zn] 2n .
Therefore (4) gives for n = 2
g(z) = 1
z
+
(
2 + λ
λ
)β 2z
μ(μ + 1) ∈ Σ
β
λ,μ
(
l; 1 + z
1 − z
)
= Σβλ,μ(l;1,−1),
and for n = 1
g(z) = 1
z
+
(
1 + λ
λ
)β 2
μ
+
(
2 + λ
λ
)β 2z
μ(μ + 1) ∈ Σ
β
λ,μ(l;1,−1).
Theorem 4. If f1(z) = 1z + a0 + a1z + · · · ∈ Σβλ,μ(l;h), then g1(z) = f1(z) + c ∈ Σβλ,μ(l;h), where c ∈ C.
Proof. If f1 ∈ Σβλ,μ(l;h), then there are f2, f3, . . . , fl ∈ Σ such that
− z[I
β
λ,μfk(z)]′
1
l
∑l
j=1 Iβλ,μfj (z)
≺ h(z) (z ∈ Δ; k = 1,2,3, . . . , l),
where
z
l∑
j=1
Iβλ,μfj (z) = 0 (z ∈ Δ).
Putting g1 = f1 + c, g2 = f2 − c, g3 = f3, . . . , gl = fl we have:
[Iβλ,μfj (z)]′ = [Iβλ,μgj (z)]′ and 1l
l∑
Iβλ,μfj (z) =
1
l
l∑
Iβλ,μgj (z).j=1 j=1
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− z[I
β
λ,μgk(z)]′
1
l
∑l
j=1 Iβλ,μgj (z)
≺ h(z) (z ∈ Δ; k = 1,2,3, . . . , l).
Thus gk ∈ Σβλ,μ(l;h), for k = 1,2,3, . . . , l. 
Theorem 5. If h ∈N , h′(0) = 0, c ∈ C and
f (z) =
[
1
z
+
∞∑
k=0
(k + 1)!
(μ)k+1
(
k + 1 + λ
λ
)β
zk
]

[
1
z
+ c +
z∫
0
1 − h(t)
t2
dt
]
,
then f ∈ Σβλ,μ(l;h).
Proof. Let us put for j = 1,2,3, . . . , l
fj (z) = exp
(
2πij
l
)
f
(
exp
(
2πij
l
)
z
)
(z ∈ Δ).
Then we have
1
l
l∑
j=1
Iβλ,μfj (z) =
1
z
and
Iβλ,μf (z) =
1
z
+ c +
z∫
0
1 − h(t)
t2
dt.
Therefore
− z[I
β
λ,μf (z)]′
1
l
∑l
j=1 Iβλ,μfj (z)
= h(z) (z ∈ Δ).
Thus f ∈ Σβλ,μ(l;h). 
Let S∗ and C be the classes of starlike and convex functions in Δ, respectively. In [7, p. 54] we can find the
following result.
Lemma 1. If f ∈ S∗, g ∈ C and F is analytic in Δ, then for all z ∈ Δ
(g  Ff )(z)
(g  f )(z)
∈ coF(Δ),
where coA denotes the closed convex hull of the set A.
Theorem 6. Let f ∈ Σ and z2f (z) be in the class C. Let h ∈N with Re[h(z)] < 2 for z ∈ Δ. If g1, g2, . . . , gl are in
the class Σβλ,μ(l;h), then g1  f , g2  f , . . . , gl  f are too.
Proof. Let gk ∈ Σβλ,μ(l;h). Using properties of Hadamard product we obtain from (4) and from (15) that
− z[I
β
λ,μ(gk  f )(z)]′
1
l
∑l
j=1 Iβλ,μ(gj  f )(z)
= − z[pμ  qβ,λ  gk  f ]
′(z)
1
l
∑l
j=1[pμ  qβ,λ  gk  f ](z)
= − f (z)  z[pμ  qβ,λ  gk]
′(z)
f (z)  1
l
∑l
j=1[pμ  qβ,λ  gk](z)
= −z
2f (z)  h[ωk(z)] z2l
∑l
j=1 Iβλ,μgj (z)
z2f (z)  z
2 ∑l Iβ g (z) ∈ co
[
(h ◦ ωk)(Δ)
]⊂ co[h(Δ)],
l j=1 λ,μ j
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− z[I
β
λ,μ(gk  f )(z)]′
1
l
∑l
j=1 Iβλ,μ(gj  f )(z)
≺ h(z).
This means that
gk  f ∈ Σβλ,μ(l;h) (k = 1,2 . . . , l). 
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